ABSTRACT. Characterizations of extreme infiriite symmetric stochastic matrices with respect to arbitrary non-negatiVe Vector P are giVen.
INTRODUCTION
Let r= (r 1, r2, r3, ...) be a sequences of non-negative reals. We say titat a rnatrix P= (pa) is symmetric stochastic (substocitastic) witit respect to Y if p,~=0,
pi]
Zp,~=r, (Zp,~=r,) 1 3 Note titat every symmetric stochastic rnatrix witit respect to Y is doubly stocitastic with respect to (Y, Y) . In titis paper we consider tite affine structure of tite set of symmetric stocitastic matrices, in particuhar we identify extreme points of tite set of symmetric stocitastic and substocitastie matrices witit respect to any arbitrary non-negative vector 1'. Note titat to each result in symrnetric stocitastic matrices titere corresponds a result for doubhy stocitastic matrices (d.s.m.). Proofs of titis facts itave sorne sirnilarity, titougitt symmetric stocitastic matrices have titeir own specificity.
We denote by ii/'(r) and S~'(=Y)tite sets of ah symmetric stocitastic and substocitastic matrices with respect to Y, respectiVely. Tite sets of titeir extreme points ext 5' (Y), ext 9/ (=Y) were considered in certain particular cases. ForY=(1,1,.. .4,0,0,...) the extreme points of </<(r) and </'(=r) were shown by M. Katz [13] and [¡4]; for a corresponding to d.s.m. result see
Birkitoff [2] and Mirsky [18] . This was generahized Lo tite infinite matrix case <r1:= 1, i= h,2,...) in [8] (for d.s.m. see Kendal [15] and Isbel [II] [17] , [12] , [3] ). Note titat tite citaracterization of extreme matrices is tite same in the case of infinite matrices (see Converse aud Katz [6] ) under tite natural assumption titatĩ s finite (for d.s.m. see [16] , [1] , [7] , [19] see [5] , see also [9] ).
We define a graph G (P) associated witit 1' as follows. Corresponding to row ¡ (and colunin 1) we have a node ¡. Titere is an edge joining node m and node n if and only ifpmo=pnm>O. Ifa diagonal entry~>0, titen tite node n of tite grapit G (E) has a loor (an edge joing a node to itsehfl, cf. [4] .
For example tite matrix Fig. 2 for example of ¿-bitree). If in a grapit G (P) titere exists an e-bitree titen titere exists also in 0(P) an <-bitree H sucit titat every node of H is joined witit a finite number of edges of fi.
We say titat tite grapit 6(P) itas an infinite e-patit if titere exists a sequence
has tite graph 0(P) given by Fig. 2 . Tite graph 6(P) has <-buree (e 1). la víew of Titeorem 1 P~ext S/(fl. (1) tite graph II as no cyele, (2) the grapit fi has exactly one odd cyche Indeed, if titen' are two distinct odd cycles in fi titen H itas an ex'en cycle.
Hence 0(P) has also an even cyehe, witat is impossible hecause of (1).
Now suppose titat fi itas no cycle. lake an arbitrary edge of fi and tite corrcsponding to it entry, say 1»,,, # 0. We construct inductively tite <-bitrece in fi. witere titI= B¾, jjj=~[,pj=B12. ...,Lc. fi itas an infinite -patit, 50 6(P) itas an inftnite e-patit, witat is impossibhe in yiew of (iii). It is also not difftcu!t to see titat if sorne of B~itas more titan one element, H (so also 6(P)) itas an <-bitree, witat contradicts witit (u).
Titerefore also (2) does not hohd.
Tite aboye presented contradictions prove titat tite conditions (i), (u) and
We say titat a connected grapit O is a simple odd cactus if 6 consists of exactly one cyc!e of odd (and fínite) ¡engtit (cf. [4] ). Using tite sanie arguarents as in [10] we obtain tite fo¡¡owing facts.
Coro¡Iary 1. LetE r¡bef¡n¡te, andleíPcY<Q9. Pien Peext V(r)(fand only~fíhe connecíed coznponenes of ihe graph 6(P) are tree or simple odd cadi.
Wc say titat a matrix Fe 7(r) is uniquely determined in 7(t) by its grapit if titere is no matrix Qe 7(r), P# 9 , sucit that tite grapit 6(9) is a subgrapit of 6(P). 
SUBSTOCHASTIC MATRICES
We say titat tite i-tit row sum of a rnatrix P= (píj) 6 titere are two nodes corresponding to rows witose sum tn P is unattained, say m1 and ni2. Titen titere exists a patit ('í,~2 u,,) in 6(R) sucit titat it = m1 and = m2. We define R = (rí) bỹ Now ¡et T= (te) be sucit titat R±TE 7(=Y) and suppose tite conditions (i), (u) and (iii) are satisfted. We itave uf <p. and tite grapit 6(1~1) ahso satisfies tite conditions (i) and (u). We have >2~= o for ah! ¡ sucit titat Z Pq = 
Hitas a node (al most one) corresponding to a row ¡ sucit titat~í~,= 0.
If tite condition (cí) does nol itoid then using tite arguments presented in tite proof of Titeorem 1 we gel a conntradiction. Titus fi is a tree (has no cyc¡e) whicit itas no infinite <-patit, and for ah nodes ¡ of H, except 1<, (4, is a node we itave~í~=O. Put A=j¡:t11=01.
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Note that i<,EA, because Hitas no cycle (even titose of length one). Take i~EA. Put
B1, =t¡#io:t,¡#0I,
Bk=1¡#¡t:tÍk#O}, kefi, and so fortit. The seIs B~are non-empty (because of>2 í~=O) and disjoint (H itas no cyc¡e).
II al! 8k itave exactly one element then fi has an infinite e-patit (witat is irnpossible). If sorne of B~has more titan one element titen fi itas an <-bitree (witat is ahso impossible). Titis coníradiction proves that tite conditions (i), (Ii) and (iii) 
THE FACIAL STRUCTURE IN THE FINITE DIMENSIONAL CASE
As already poinled oul, tite vertices (extreme points) of .1/fr) and 17(=r)
are described. Now we consider tite dimension of lite faces of tite convex pohytopes 5/fr), 17(= Y) in tite fínite dimensional case.
For qe 9(9 being a convex set) we define dim 0q, tite dimension of q in 9, as tite affine dimension of lite face jqíeQ:titere exists q2EQandOcZa=1 sucit thaI q=aqí+(1-a)q21 generated by q in 9. 
